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GENERIC TORUS ORBIT CLOSURES
IN FLAG BOTT MANIFOLDS
EUNJEONG LEE AND DONG YOUP SUH
Abstract. In this article the generic torus orbit closure in a flag Bott manifold
is shown to be a non-singular toric variety, and its fan structure is explicitly
calculated.
1. Introduction
On the full flag manifold Fℓ(Cn+1) there is an effective action of complex
torus (C∗)n. The generic torus orbit closure, which is the closure of a generic
(C∗)n-orbit, in the full flag manifold is well-known to be a non-singular toric vari-
ety, called the permutohedral variety. The fan of the permutohedral variety consists
of Weyl chambers of a Lie group of An-type as its maximal cones. Note that the
closure of an arbitrary (C∗)n-orbit is known to be normal hence a toric variety,
see [CK00, Proposition 4.8], but non-singularity of it is not determined in general.
Generic torus orbit closures in a generalized flag manifold G/P are studied
in [FH91] and [Dab96], and arbitrary orbit closures in Grassmannian manifolds
are studied in [GGMS87], [GS87], [BT18]. Furthermore generic torus orbit closures
in Schubert varieties are studied in [LM18].
In [KLSS17], the notion of flag Bott manifold is introduced as a generalization
of both full flag manifolds and Bott manifolds. In fact, a flag Bott manifold Fm is
the total space of an m-sequence of iterated fiber bundles whose fibers are full flag
manifolds Fℓ(Cnj+1) for j = 1, . . . ,m, and there is an effective action of complex
torusH of rank n = n1+ · · ·+nm. Therefore, it would be interesting to know when
a torus orbit closure of Fm is a non-singular toric variety and to determine its fan
structure.
Certain flag Bott manifolds are constructed from generalized Bott manifolds Bm,
and such manifolds are called the associated flag Bott manifolds to Bm. It is shown
in [KLSS17] that the generic torus orbit closure in the associated flag Bott manifold
to Bm is a non-singular toric variety, and such toric variety can be obtained from
Bm through a sequence of blow-ups.
In this article, we consider the generic torus orbit closure X of an arbitrary flag
Bott manifold Fm. The toric variety X is the total space of an m-sequence of
iterated fiber bundles with permutohedral varieties as its fibers. We calculate the
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fan of X in Theorem 3.2. As a consequence we can see that X is a non-singular
toric variety, see Proposition 3.5.
2. Flag Bott Manifolds
In this section we recall flag Bott manifolds from [KLSS17] and consider their
orbit space construction. Let M be a complex manifold and E an n-dimensional
holomorphic vector bundle over M . Recall from [BT82, p. 282] that the associated
flag bundle Fℓ(E) → M is obtained from E by replacing each fiber Ep by the full
flag manifold Fℓ(Ep).
Definition 2.1 ([KLSS17, Definition 2.1]). A flag Bott tower F• = {Fj | 0 ≤ j ≤
m} of height m (or an m-stage flag Bott tower) is a sequence,
Fm Fm−1 · · · F1 F0 = {a point},pm pm−1 p2 p1
of manifolds Fj = Fℓ
(⊕nj+1
k=1 ξ
(j)
k
)
where ξ
(j)
k is a holomorphic line bundle over
Fj−1 for each 1 ≤ k ≤ nj + 1 and 1 ≤ j ≤ m. We call Fj the j-stage flag Bott
manifold of the flag Bott tower.
The full flag manifold Fℓ(Cn+1) =: Fℓ(n + 1) is a flag Bott manifold, and the
product of flag manifolds Fℓ(n1 + 1) × · · · × Fℓ(nm + 1) is a flag Bott manifold.
Also an m-stage Bott manifold, which is a smooth projective toric variety, is an
m-stage flag Bott manifold, see [GK94].
We call two flag Bott towers F• and F
′
• are isomorphic if there is a collection
of holomorphic diffeomorphisms ϕj : Fj → F ′j which commute with the projections
pj : Fj → Fj−1 and p′j : F ′j → F ′j−1 for all 1 ≤ j ≤ m.
Suppose that F• is an m-stage flag Bott tower. To describe the orbit space
construction of a flag Bott manifold, we first define the right action Φj . Suppose
that BGL(n) is the set of upper triangular matrices in GL(n) := GL(n,C) for
n ∈ Z>0. Also let HGL(n) be the set of diagonal matrices in GL(n). For positive
integers n and n′, let A be an integer matrix of size (n + 1) × (n′ + 1) whose row
vectors are a1, . . . , an+1 ∈ Zn′+1, i.e.,
A =

a1
a2
...
an+1
 .
Since the character group χ(HGL(n′+1)) is isomorphic to Z
n′+1, the matrix A defines
a homomorphism HGL(n′+1) → HGL(n+1) given by
h 7→ diag(ha1 , . . . , han+1).
Here h = diag(h1, . . . , hn′+1) is an element of HGL(n′+1) and h
a := h
a(1)
1 · · ·ha(n
′+1)
n′+1
for a = (a(1), . . . , a(n′ + 1)) ∈ Zn′+1. By composing the canonical projection
Υ: BGL(n′+1) → HGL(n′+1) which ignores entries not on the diagonals, the matrix A
induces a homomorphism
Λ(A) : BGL(n′+1) → HGL(n+1).
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Suppose that (A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z) is a sequence of
integer matrices. We define a right action Φj of BGL(n1+1) × · · · × BGL(nj+1) on
the product GL(n1 + 1)× · · · ×GL(nj + 1) by
Φj((g1, g2, . . . , gj), (b1, b2, . . . , bj))
:= (g1b1,Λ
(2)
1 (b1)
−1g2b2,Λ
(3)
1 (b1)
−1Λ
(3)
2 (b2)
−1g3b3, . . . ,
Λ
(j)
1 (b1)
−1Λ
(j)
2 (b2)
−1 · · ·Λ(j)j−1(bj−1)−1gjbj)
(2.1)
where Λ
(j)
ℓ := Λ(A
(j)
ℓ ) for 1 ≤ ℓ < j ≤ m. Then the action Φj is free and proper,
see [KLSS17, Lemma 2.7]. Hence we have complex manifolds
(GL(n1 + 1)× · · · ×GL(nj + 1))/Φj for 1 ≤ j ≤ m.
These manifolds are actually flag Bott manifolds (see [KLSS17, Proposition 2.8]),
and every flag Bott manifold can be obtained by this construction.
Proposition 2.2 ([KLSS17, Proposition 2.11]). Let F• be a flag Bott tower of
height m. Then there is a sequence of integer matrices
(A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤m
M(nj+1)×(nℓ+1)(Z)
such that F• is isomorphic to
{(GL(n1 + 1)× · · · ×GL(nj + 1))/Φj | 0 ≤ j ≤ m}
as flag Bott towers.
Remark 2.3. We notice that the sequence of integer matrices (A
(j)
ℓ )1≤ℓ<j≤m ∈∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z) are associated to the first Chern classes of line bun-
dles ξ
(j)
k in the construction of a flag Bott manifold. To be more precisely, sup-
pose that a
(j)
k,ℓ be the kth row vector of the matrix A
(j)
ℓ . Then the set of vector
{a(j)k,1, . . . , a(j)k,j−1} determines the first Chern class of the line bundle ξ(j)k . For more
details, see [KLSS17, §2].
Example 2.4. Suppose that n1 = 2 and n2 = 1. Consider A
(2)
1 =
[
c1 c2 0
0 0 0
]
.
Then the following Bott tower {Fj | 0 ≤ j ≤ 2} is isomorphic to {(GL(n1 + 1) ×
· · · ×GL(nj + 1))/Φj | 0 ≤ j ≤ 2} as flag Bott towers.
Fℓ(ξ(c1, c2, 0)⊕ C) Fℓ(3) {a point}
F2 F1 F0
The line bundle ξ(c1, c2, 0) over F1 is (GL(3)× C)/BGL(3), where the right action
of BGL(3) is defined by
(g, v) · b = (gb, b−c111 b−c222 v)
for g ∈ GL(3) and b = (bij) ∈ BGL(3).
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3. Generic torus orbit closures in flag Bott manifolds
Let Fm be an m-stage flag Bott manifold, and let H = HGL(n1+1) × · · · ×
HGL(nm+1). As introduced in [KLSS17, §3.1], the canonical action of H on Fj
is defined to be
(h1, . . . , hm) · [g1, . . . , gj ] := [h1g1, . . . , hjgj ] for 1 ≤ j ≤ m.
Then qj : Fj → Fj−1 is an H-equivariant fiber bundle. Note that this action is not
effective. If we write hj = diag(hj,1, . . . , hj,nj+1) ∈ GL(nj + 1), then the subtorus
H := {(h1, . . . , hm) ∈ H | h1,n1+1 = · · · = hm,nm+1 = 1} ∼= (C∗)n
acts effectively on Fm, where
n := n1 + · · ·+ nm.
In order to consider the closure of torus orbit with respect to the canonical action,
we define a generic element in Fm. Let g = (gij) be an element in GL(n+1). For an
ordered sequence 1 ≤ i1 < i2 < · · · < ik ≤ n+ 1, we define the Plu¨cker coordinate
Xi1,...,ik(g) := det((gip,p)p=1,...,k).
Definition 3.1 ([KLSS17, Definition 5.4]). We call an element g ∈ GL(n + 1)
is generic if Xi1,...,ik(g) is nonzero for any k ∈ [n + 1] and an ordered sequence
1 ≤ i1 < · · · < ik ≤ n+ 1. A point [g1, . . . , gm] ∈ Fm is generic if gj ∈ GL(nj + 1)
is generic for all 1 ≤ j ≤ m. A generic torus orbit in Fm is the H-orbit of a generic
point.
The above definition of generic elements and generic torus orbits can be found
in [FH91], [Kly95], and [Dab96]. The closure Xn of a generic torus orbit in the flag
manifold Fℓ(n + 1) is a smooth projective toric variety called the permutohedral
variety, see [Kly85]. We recall the fan ΣXn ⊂ Rn of the permutohedral variety
Xn for the later use. The rays in ΣXn are parametrized by the nonempty proper
subsets of [n+ 1]:
ΣXn(1)
1−1←→ {S | ∅ ( S ( [n+ 1]}
More precisely, for a nonempty proper subset S of [n + 1], the corresponding ray
ρS is generated by
uS :=

∑
s∈S
εs if n+ 1 /∈ S,
−
∑
s∈[n+1]\S
εs otherwise,
where {ε1, . . . , εn} is the standard basis vector of Rn. Hence there are 2n+1 − 2
many rays in ΣXn , see Figure 1(1). And the maximal cones in ΣXn are indexed by
the set of proper chain of nonempty proper subsets of [n+ 1]. For a given proper
chain
S• : ∅ ( S1 ( S2 ( · · · ( Sn ( [n+ 1]
of nonempty proper subsets, we have the corresponding maximal cone
Cone(uS1 , uS2 , . . . , uSn).
See Figure 1(2). Therefore |ΣXn(n)| = (n+ 1)!.
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u{2}
u{1}
u{1,2}
u{2,3}
u{1,3}u{3}
(1) Ray generators in ΣX2 .
{2} ( {1, 2}
{1} ( {1, 2}
{1} ( {1, 3}
{3} ( {1, 3}
{3} ( {2, 3}
{2} ( {2, 3}
(2) Maximal cones in ΣX2 .
Figure 1. Fan ΣX2 .
Suppose that Fm is an m-stage flag Bott manifold. Considering the effective
canonical H-action, each fiber of a bundle Fj → Fj−1 has the restricted (C∗)nj -
action, and its orbit closure of a generic point is the permutohedral variety Xnj .
Hence the closure of a generic torus orbit of the torus H in Fm is an iterated
permutohedral varieties bundles. Now we describe the fan of a generic torus orbit
closure in Fm in the following theorem whose proof will be given in Section 4.
Theorem 3.2. Let Fm be a flag Bott manifold determined by the sequence of integer
matrices (A
(j)
ℓ )1≤ℓ<j≤m ∈
∏
1≤ℓ<j≤mM(nj+1)×(nℓ+1)(Z). Then the fan Σ ⊂ Rn of
a generic torus orbit closure X in Fm is described as follows:
(1) the rays in Σ are parametrized by
{(ℓ, S) | ∅ ( S ( [nℓ + 1], 1 ≤ ℓ ≤ m}.
For (ℓ, S), the corresponding ray is generated by
uℓS :=

∑
s∈S
εℓ,s −
m∑
p=ℓ+1
np+1∑
k=1
((A
(p)
ℓ )k,d+1 + · · ·+ (A(p)ℓ )k,nℓ+1)εp,k if nℓ + 1 /∈ S,
−
∑
s∈[nℓ+1]\S
εℓ,s +
m∑
p=ℓ+1
np+1∑
k=1
((A
(p)
ℓ )k,1 + · · ·+ (A(p)ℓ )k,d)εp,k otherwise,
where d = |[nℓ+1] \S| and {εℓ,k}1≤k≤nℓ,1≤ℓ≤m is the standard basis vector
in Rn ∼= Lie(T). Here we set ε1,n1+1 = · · · = εm,nm+1 = 0.
(2) The maximal cones in Σ are indexed by the sequences of proper chains of
subsets
{(S1• , . . . , Sm• ) | Sℓ• : ∅ ( Sℓ1 ( Sℓ2 ( · · · ( Sℓnℓ ( [nℓ + 1], 1 ≤ ℓ ≤ m}.
For (S1• , . . . , S
m
• ), the corresponding maximal cone is defined to be
Cone
(
m⋃
ℓ=1
{uℓ
Sℓ
1
, . . . , uℓSℓnℓ
}
)
.
We notice that if Fm is determined by the sequence of integer matrices such
that each A
(j)
ℓ has nonzero value only on the first column, then Fm is an associated
flag Bott manifold to a generalized Bott manifold (see, for more details, [KLSS17,
§4]). The fan of generic torus orbit closure in an associated flag Bott manifold has
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been computed in [KLSS17, Theorem 5.5], and Theorem 3.2 extends this result for
considering any flag Bott manifold.
Example 3.3. Suppose that F2 is a 2-stage flag Bott manifold given in Exam-
ple 2.4. Then the fan Σ ⊂ R3 of the generic torus orbit closure in F2 has eight rays
with the ray vectors:
u1{1} = (1, 0, 0), u
1
{2} = (0, 1, 0), u
1
{3} = (−1,−1, c1 + c2),
u1{1,2} = (1, 1,−c2), u1{2,3} = (−1, 0, c1), u1{1,3} = (0,−1, c1),
u2{1} = (0, 0, 1), u
2
{2} = (0, 0,−1).
Moreover the fan Σ has twelve maximal cones:
Cone(u1{1}, u
1
{1,2}, u
2
{1}), Cone(u
1
{1}, u
1
{1,3}, u
2
{1}), Cone(u
1
{2}, u
1
{1,2}, u
2
{1}),
Cone(u1{2}, u
1
{2,3}, u
2
{1}), Cone(u
1
{3}, u
1
{1,3}, u
2
{1}), Cone(u
1
{3}, u
1
{2,3}, u
2
{1}),
Cone(u1{1}, u
1
{1,2}, u
2
{2}), Cone(u
1
{1}, u
1
{1,3}, u
2
{2}), Cone(u
1
{2}, u
1
{1,2}, u
2
{2}),
Cone(u1{2}, u
1
{2,3}, u
2
{2}), Cone(u
1
{3}, u
1
{1,3}, u
2
{2}), Cone(u
1
{3}, u
1
{2,3}, u
2
{2}).
Example 3.4. Suppose that F3 is a 3-stage flag Bott manifold determined by
A
(2)
1 =
x11 x12 0x21 x22 0
0 0 0
 , A(3)1 = [y1 y2 00 0 0
]
, A
(3)
2 =
[
z1 z2 0
0 0 0
]
.
Then the fan Σ ⊂ R5 of the generic torus orbit closure in F3 has fourteen rays
which are generated by the following vectors:
u1{1} = (1, 0, 0, 0, 0), u
1
{2} = (0, 1, 0, 0, 0),
u1{3} = (−1,−1, x11 + x12, x21 + x22, y1 + y2), u1{1,2} = (1, 1,−x12,−x22,−y2),
u1{2,3} = (−1, 0, x11, x21, y1), u1{1,3} = (0,−1, x11, x21, y1),
u2{1} = (0, 0, 1, 0, 0), u
2
{2} = (0, 0, 0, 1, 0),
u2{3} = (0, 0,−1,−1, z1 + z2), u2{1,2} = (0, 0, 1, 1,−z2),
u2{2,3} = (0, 0,−1, 0, z1), u2{1,3} = (0, 0, 0,−1, z1),
u3{1} = (0, 0, 0, 0, 1), u
3
{2} = (0, 0, 0, 0,−1).
Proposition 3.5. All generic torus orbit closures in a flag Bott manifold Fm are
isomorphic non-singular toric varieties.
To give a proof of Proposition 3.5, we use the following lemma:
Lemma 3.6 ([Dab96, Corollary of Theorem 3.3]). The permutohedral variety Xn is
smooth, i.e., for a proper chain S• : ∅ ( S1 ( S2 ( · · · ( Sn ( [n+ 1] of nonempty
proper subsets of [n+ 1], the determinant of the matrix
(3.1) [uS1 uS2 · · · uSn ]
is ±1.
Proof of Proposition 3.5. Let Σ ∈ Rn be the fan of a generic torus orbit closure
X in Fm described in Theorem 3.2. To prove the claim, it is enough to show that
every maximal cones in Σ are smooth, i.e., the set of ray generators of each maximal
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cone forms a basis of Zn. For a maximal cone indexed by (S1• , . . . , S
m
• ), consider
the matrix whose column vectors are the corresponding ray generators:
(3.2)
[
u1S1
1
· · · u1S1n1 · · · u
m
Sm
1
· · · umSmnm
]
.
Then the matrix in (3.2) is a block lower triangular matrix whose sizes of blocks
are n1, . . . , nm. Moreover, diagonal blocks has the form in (3.1). Hence we have
that the determinant of the matrix in (3.2) is
det
([
uS1
1
· · · uS1n1
])
· det
([
uS2
1
· · · uS2n2
])
· · ·det
([
uSm
1
· · · uSmnm
])
= ±1
by Lemma 3.6. Here {uSℓ
1
, . . . , uSℓnℓ
} is the set of ray generators of the maximal
cone in the fan of the permutohedral variety Xnℓ indexed by the proper chain
∅ ( Sℓ1 ( · · · ( Sℓnℓ ( [nℓ + 1] for 1 ≤ ℓ ≤ m. Hence the non-singularity of X
follows.
Since the ray vectors uℓS are determined independently of the choices of generic
points, the fan of all generic torus orbit closures are identical. Therefore they are
all isomorphic as smooth toric varieties. 
Example 3.7. Suppose that F3 is a 3-stage flag Bott manifold defined in Exam-
ple 3.4. Consider a maximal cone σ indexed by
({2} ⊂ {2, 3}, {2} ⊂ {1, 2}, {2}).
Then the corresponding ray generators form the following matrix:
[
u1{2} u
1
{2,3} u
2
{2} u
2
{1,2} u
3
{2}
]
=

0 −1 0 0 0
1 0 0 0 0
0 x11 0 1 0
0 x21 1 1 0
0 y1 0 −z2 −1
 .
We have that
det

0 −1 0 0 0
1 0 0 0 0
0 x11 0 1 0
0 x21 1 1 0
0 y1 0 −z2 −1
 = det
[
0 −1
1 0
]
det
[
0 1
1 1
]
det
[−1] = 1,
so that the maximal cone σ is smooth.
4. Proof of Theorem 3.2
In this section we prove Theorem 3.2 using the combinatorial structure of the
fan of toric varieties bundles and tangential representations around fixed points.
To describe the fan Σ of the torus orbit closure in Fm, we first recall the following
on equivariant fiber bundle of toric varieties:
Proposition 4.1 ([Oda78, Proposition 7.3] and [CLS11, §3.3]). Let Σ, respectively
Σ′, be a complete fan in NR := N ⊗Z R, respectively N ′R := N ′ ⊗Z R, for some
lattice N , respectively N ′. Let ϕ : N → N ′ be compatible with fans Σ and Σ′, and
let N ′′ = ker(ϕ). Then ϕ : XΣ → XΣ′ is an equivariant fiber bundle with the fiber
XΣ′′ , where Σ
′′ = {σ ∈ Σ | σ ⊂ N ′′R} ⊂ N ′′R , if and only if the following conditions
are satisfied:
(1) ϕ : N → N ′ is surjective.
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(2) There exists a lifting Σ˜′ ⊂ Σ of Σ′, i.e., for each σ′ ∈ Σ′, there exists a
unique σ˜′ ∈ Σ˜′ such that ϕ induces a bijection
ϕ : σ˜′
∼−→ σ′.
(3) Σ = Σ˜′ • Σ′′, i.e., Σ consists of cones
σ = σ˜′ + σ′′
with σ˜′ and σ′′ running through Σ˜′ and Σ′′.
The operation • is called join in [Ewa96, III.1]. The closure of a generic torus
orbit of the torus H in Fm is an iterated permutohedral variety bundles. Hence we
have the following lemma:
Lemma 4.2 (see [KLSS17, Lemma 5.11]). Let Fm be an m-stage flag Bott manifold.
Let Σ be the fan of the closure of a generic torus orbit of the torus H in Fm. Then
there are liftings Σ˜n1 , . . . , Σ˜nm−1 of fans of permutohedral varieties such that
Σ = Σ˜n1 • · · · • Σ˜nm−1 • Σnm .
The above lemma proves that the combinatorial structure of the fan Σ is given
as in Theorem 3.2(2). Now it is enough to show that the ray vectors are given as
in Theorem 3.2(1). To complete the proof, we use the tangential representations
around fixed points which have been computed in [KLSS17, §3].
Let Fm be an m-stage flag Bott manifold. Recall from [KLSS17, Proposition
3.3] that the fixed point set FHm can be identified with Sn1+1× · · · ×Snm+1. More
precisely, for permutations (v1, . . . , vm) ∈ Sn1+1 × · · · ×Snm+1, the corresponding
fixed point in Fm is [v˙1, . . . , v˙m] where v˙j ∈ GL(nj + 1) is the column permutation
matrix of vj . Also we have that F
H
m = X
H. Suppose that T, respectively T,
is the maximal compact torus in H, respectively H. Then, for every fixed point
v := [v˙1, . . . , v˙m], the weights of the isotropy representation TvFm of T are explicitly
computed in [KLSS17, Proposition 3.5].
We note that there is a one-to-one correspondence relation between the set
Sn1+1 × · · · × Snm+1 and the sequences of chains of subsets {(S1• , . . . , Sm• )} as
follows. For a given (v1, . . . , vm) ∈ Sn1+1 × · · · ×Snm+1, we define
(4.1) Sℓp := {v(nℓ + 2− p), . . . , v(nℓ + 1)} for 1 ≤ p ≤ nℓ, 1 ≤ ℓ ≤ m.
Moreover, for a given maximal cone indexed by (v1, . . . , vm), the adjacent maximal
cones are indexed by permutations
(4.2) (v1, . . . , vj−1, vj · si, vj+1, . . . , vm)
where si is the transposition (i, i+ 1) for 1 ≤ i ≤ nj and 1 ≤ j ≤ m.
For a smooth projective toric variety XΣ of complex dimension n, the weights of
the isotropy representations around fixed points and the ray generators are closely
related to each other. Let ρ be a ray in Σ(1) with uρ =: u1 as its generating vector.
Suppose that σ = Cone(u1, . . . , un) is a maximal cone containing ρ. Let τ1, . . . , τn
be the codimension-one faces of the cone σ. More precisely, we put
τj = Cone(u1, . . . , uˆj, . . . , un).
Then τ1 is the unique codimension-one face of σ which does not contain ρ. By
the orbit-cone correspondence, these cones correspond to torus invariant spheres
S1, . . . , Sn in XΣ. Then these spheres meet at a point p ∈ XΣ which is exactly the
fixed point corresponding σ. Suppose that w1, . . . , wn ∈ Lie(T)∗ are weights of the
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isotropy representation TpXΣ, where T is the compact torus of dimension n. Let
Hi be the identity component of the kernel of the map
exp(
√−1wi) : T→ S1.
Then, by reordering w1, . . . , wn appropriately, one can see that the sphere Si is the
connected component of XHiΣ containing p. Moreover, we have the following:
Lemma 4.3 ([BP15, Proposition 7.3.18]). Let u1 = uρ, w1, . . . , wn be as above.
Then we have the following relation:
〈wi, uρ〉 =
{
1 if i = 1,
0 otherwise.
The above lemma implies that the ray generators are completely determined by
weights of isotropy representations around fixed points. Moreover, one can see that
the computation of the ray generator uρ is independent of the choice of a maximal
cone containing ρ, see [KLSS17, Lemma 5.13].
We choose 1 ≤ ℓ ≤ m and a nonempty proper subset S of [nℓ + 1]. To compute
the generator uℓS of the ray ρ
ℓ
S , we consider a specific maximal cone σ
ℓ
S contains ρ
ℓ
S .
We set S = {s1 < s2 < · · · < snℓ+1−d} and [nℓ + 1] \ S = {t1 < t2 < · · · < td}. Let
vℓ,S be a permutation in Snℓ+1 defined to be
vℓ,S = (t1 t2 · · · td s1 s2 · · · snℓ+1−d).
Then we choose a maximal cone σℓS indexed by
(4.3) v = (v1, . . . , vm) := (e, . . . , e︸ ︷︷ ︸
ℓ−1
, vℓ,S , e, . . . , e),
so that σℓS contains the ray ρ
ℓ
S .
We recall from [KLSS17, Proposition 3.5 and Theorem 3.11] that the weight wji
corresponds to the codimension-one face of the cone σℓS intersecting the maximal
cone indexed by (v1, . . . , vj−1, vj · si, vj+1, . . . , vm) is computed as follows:
Proposition 4.4 ([KLSS17, Proposition 3.5 and Theorem 3.11]). We have wji =
ri+1 − ri where ri is the ith row of the matrix[
X
(j)
1 X
(j)
2 · · · X(j)j−1 Bj O · · · O
]
.
Here X
(j)
ℓ is the matrix of size (nj + 1)× (nℓ + 1) defined by
X
(j)
ℓ =
∑
ℓ<i1<···<ir<j
(
BjA
(j)
ir
)(
BirA
(ir)
ir−1
)
· · ·
(
Bi1A
(i1)
ℓ
)
Bℓ
+BjA
(j)
ℓ Bℓ
(4.4)
for 1 ≤ ℓ < j ≤ m, and Bj is the row permutation matrix corresponding to vj , i.e.,
Bj = (v˙j)
T .
We note that the codimension-one face of the cone σℓS which does not contain
the ray ρℓS corresponds to the weight w
ℓ
d. Hence to complete the proof, it is enough
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to show that the vector
uℓS =

∑
s∈S
εℓ,s −
m∑
p=ℓ+1
np+1∑
k=1
((A
(p)
ℓ )k,d+1 + · · ·+ (A(p)ℓ )k,nℓ+1)εp,k if nℓ + 1 /∈ S,
−
∑
s∈[nℓ+1]\S
εℓ,s +
m∑
p=ℓ+1
np+1∑
k=1
((A
(p)
ℓ )k,1 + · · ·+ (A(p)ℓ )k,d)εp,k otherwise
in Theorem 3.2 satisfies that
(4.5) 〈wji , uℓS〉 =
{
1 if j = ℓ and i = d,
0 otherwise.
The weight wji , computed in [KLSS17, Proposition 3.5], is an element of Lie(T)
∗.
Since we have
T = {(t1, . . . , tm) ∈ T | t1,n1+1 = · · · = tm,nm+1 = 1}
where tj = (tj,1, . . . , tj,nj+1) ∈ (S1)nj+1, we regard
ε1,n1+1 = · · · = εm,nm+1 = 0
to compute the pairing (4.5).
To prove the claim, we separate cases as j < ℓ, j = ℓ, and j > ℓ.
Case 1 j < ℓ. By Proposition 4.4, the weight vector wji ∈ Lie(T)∗ is a linear com-
bination of ε∗1,1, . . . , ε
∗
1,n1 , . . . , ε
∗
j,1, . . . , ε
∗
j,nj
, where {ε∗ℓ,k}1≤k≤nℓ,1≤ℓ≤m is
the dual of the standard basis vector. On the other hand, since uℓS is a
linear combination of εℓ,1, . . . , εℓ,nℓ , . . . , εm,1, . . . , εm,nm and j < ℓ, their
pairings always vanish.
Case 2 j = ℓ. By Proposition 4.4, the weight vector wℓi ∈ Lie(T)∗ is a linear
combination of ε∗1,1, . . . , ε
∗
1,n1 , . . . , ε
∗
ℓ,1, . . . , ε
∗
ℓ,nℓ
. More precisely, we have
that
wℓi = (εℓ,vℓ,S(i+1))
∗ − (εℓ,vℓ,S(i))∗ + other terms,
where ‘other terms’ are the terms of ε∗p,k for p < ℓ and vℓ,S is a per-
mutation defined in (4.3). Since the vector uℓS is a linear combination of
εℓ,1, . . . , εℓ,nℓ , . . . , εm,1, . . . , εm,nm , we have
(4.6) 〈wℓi , uℓS〉 = 〈(εℓ,vℓ,S(i+1))∗ − (εℓ,vℓ,S(i))∗, uℓS〉.
Because of the definition of permutation vℓ,S , we have that vℓ,S(i) ∈ S if
and only if i ≥ d+1. Therefore for the case when nℓ+1 /∈ S, we have that
the value 〈(εℓ,vℓ,S(i))∗, uℓS〉 equals to 0 if i ≤ d, and 1 otherwise. Also for
the case when nℓ + 1 ∈ S, we get that the pairing 〈(εℓ,vℓ,S(i))∗, uℓS〉 is −1 if
i ≤ d and 0 otherwise.
By applying (4.6) for nℓ + 1 /∈ S, we have the following:
〈wℓi , uℓS〉 =

0− 0 = 0 for 1 ≤ i ≤ d− 1,
1− 0 = 1 for i = d,
1− 1 = 0 for d+ 1 ≤ i ≤ nℓ.
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Similarly, when nℓ + 1 ∈ S, we get the following:
〈wℓi , uℓS〉 =

−1− (−1) = 0 for 1 ≤ i ≤ d− 1,
0− (−1) = 1 for i = d,
0− 0 = 0 for d+ 1 ≤ i ≤ nℓ.
Case 3 j > ℓ. The matrix X
(ℓ)
j in Proposition 4.4 is
X
(j)
ℓ =
∑
ℓ<i1<···<ir<j
(
BjA
(j)
ir
)(
BirA
(ir)
ir−1
)
· · ·
(
Bi1A
(i1)
ℓ
)
Bℓ +BjA
(j)
ℓ Bℓ.
Since vj = e for j 6= ℓ, the matrix X(j)ℓ can be written by
X
(j)
ℓ =
 ∑
ℓ<i1<···<ir<j
A
(j)
ir
A
(ir)
ir−1
· · ·A(i1)ℓ +A(j)ℓ
Bℓ.
Moreover, we have that
X
(j)
ℓ B
−1
ℓ =
∑
ℓ<i1<···<ir<j
A
(j)
ir
A
(ir)
ir−1
· · ·A(i1)ℓ + A(j)ℓ
= X
(j)
j−1A
(j−1)
ℓ + · · ·+X(j)ℓ+2A(ℓ+2)ℓ +X(j)ℓ+1A(ℓ+1)ℓ +A(j)ℓ
=
j−1∑
p=ℓ+1
X(j)p A
(p)
ℓ +A
(j)
ℓ .
(4.7)
For notational simplicity, we denote the ith row vector of the matrix
X
(j)
ℓ by x
(j)
ℓ,i . Then the weight ri in Proposition 4.4 equals to
x
(j)
1,i + · · ·+ x(j)j−1,i + ε∗j,i
because Bj is the identity matrix. Hence the pairing〈
ri,
m∑
p=ℓ+1
np+1∑
k=1
(A
(p)
ℓ )k,zεp,k
〉
=
〈
x
(j)
ℓ+1,i + · · ·+ x(j)j−1,i + ε∗j,i,
m∑
p=ℓ+1
np+1∑
k=1
(A
(p)
ℓ )k,zεp,k
〉(4.8)
is the (i, z)entry of the matrix
∑j−1
p=ℓ+1X
(j)
p A
(p)
ℓ +A
(j)
ℓ for 1 ≤ z ≤ nℓ + 1.
By (4.7), the pairing (4.8) is same as the (i, z)entry of the matrix X
(j)
ℓ B
−1
ℓ :
(4.9)
〈
ri,
m∑
p=ℓ+1
np+1∑
k=1
(A
(p)
ℓ )k,zεp,k
〉
= (X
(j)
ℓ B
−1
ℓ )i,z .
Subcase 1 nℓ + 1 /∈ S. In this case, we first note that
(4.10)
〈
ri,
∑
s∈S
εℓ,s
〉
=
〈
x
(j)
ℓ,i ,
∑
s∈S
εℓ,s
〉
=
∑
s∈S
(X
(j)
ℓ )i,s.
Since B−1ℓ is the column permutation matrix for vℓ,A, the right hand
side of (4.10) coincides with
(4.11) (X
(j)
ℓ B
−1
ℓ )i,d+1 + (X
(j)
ℓ B
−1
ℓ )i,d+2 + · · ·+ (X(j)ℓ B−1ℓ )i,nℓ+1.
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This is same as ith entry of the sum of (d+ 1), . . . , (nℓ + 1)th column
vectors in X
(j)
ℓ B
−1
ℓ . Hence we have the following:
〈ri, uℓS〉 =
〈
ri,
∑
s∈S
εℓ,s −
m∑
p=ℓ+1
np+1∑
k=1
((A
(p)
ℓ )k,d+1 + · · ·+ (A(p)ℓ )k,nℓ+1)εp,k
〉
=
∑
s∈S
(X
(j)
ℓ )i,s
−
(
(X
(j)
ℓ B
−1
ℓ )i,d+1 + · · ·+ (X(j)ℓ B−1ℓ )i,nℓ+1
)
(by (4.9) and (4.10))
= 0 (by (4.11)).
Since wji = ri+1 − ri, the pairing 〈wji , uℓS〉 vanishes.
Subcase 2 nℓ + 1 ∈ S. In this case, we have
(4.12)
〈
ri,−
∑
s∈[nℓ+1]\S
εℓ,s
〉
=
〈
x
(j)
ℓ,i ,−
∑
s∈[nℓ+1]\S
εℓ,s
〉
= −
∑
s∈[nℓ+1]\S
(X
(j)
ℓ )i,s.
Since B−1ℓ is the column permutation matrix for vℓ,A, the right hand
side of (4.12) coincides with
(4.13) − (X(j)ℓ B−1ℓ )i,1 − (X(j)ℓ B−1ℓ )i,2 − · · · − (X(j)ℓ B−1ℓ )i,d.
This is same as ith entry of the sum of 1st,. . . , dth column vectors in
−X(j)ℓ B−1ℓ . Therefore, using the similar argument to Subcase 1, one
can see that
〈ri, uℓS〉 =
〈
ri,−
∑
s∈[nℓ+1]\S
εℓ,s +
m∑
p=ℓ+1
np+1∑
k=1
((A
(p)
ℓ )k,1 + · · ·+ (A(p)ℓ )k,d)εp,k
〉
= −
∑
s∈[nℓ+1]\S
(X
(j)
ℓ )i,s
+
(
(X
(j)
ℓ B
−1
ℓ )i,1 + · · ·+ (X(j)ℓ B−1ℓ )i,d
)
(by (4.9) and (4.12))
= 0 (by (4.13)).
Hence the pairing 〈wji , uℓS〉 vanishes since wji = ri+1 − ri.
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